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ABSTRACT 

We use results from the modular representation theory of the groups S n and 
GLn (Fq) to determine the rank of inclusion matrices. 

§0. Introduction 

In this paper we shall compute the rank of  the incidence matrix of the lattice of 

subsets of a finite set or the lattice of subspaces of  a finite dimensional vector space 

over the finite field Fq (q = pa, p a prime number). The computation of  the rank 

will be carried out over any field K except: 

(a) char(K)  = 2 for the incidence matrix of  subsets. 

(b) char(K)  = p (q = pd )  for the incidence matrix of  subspaces. 

The argument will rely upon the representation theory of  the groups Sn and 

GLn (Fq) over the field K or over an extension o f  K, as they are developed in G. 

James's books [4], [5]. It is well known that if char(K) = 0 then the incidence ma- 

trix of  subsets and the incidence matrix of  subspaces have full rank (see [2], [3l, 

[6]). The rank of  the incidence matrix of  subsets was determined by Linial and 

Rothschild [7] for a field K of  characteristic 2 and for arbitrary K by Wilson [8]. 

An independent proof  for arbitrary K appears in Frankl [1]. We believe that the 

result concerning the rank of  the incidence matrix of  subspaces is new. We shall 

examine subsets and subspaces simultaneously. (The case of  subsets becomes a 

"special" case of subspaces by taking q = 1.) Let n be a fixed natural number. Let 

q be either 1 or a positive power of  a prime p. For 2 _< q define 

Ai, q : = { U < F t q " ' l d i m U = i  ] 

(F~q ~ is an n-dimensional vector space over Fq); 
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Ai, 1 :-~ {X (~ {1,2,3 . . . .  ,hi  I IXI = i}, 

(:] -- 

We shall sometimes suppress the q and write [~.] or Ai. 

A"kis  a matrix over the field K with [7] rows and [~] columns. A"k rows cor- 

respond to the elements of At and its columns to the elements of  Ak. 

For x E Ak, y E At 

A).~ = ( 1 ,  yC_x;  

O, otherwise. 

In this paper we shall prove: 

THEOREM. Let l < k, l + k < n. 

I f  q = 1 assume char(K) #: 2. 
I f  q >-- 2, q = p d ,  p ap t [me ,  assume char(K) ~:p. 

k - i  0] Then Pu t  Y =  {i O < _ i < l , [ , _ , ]  --/: . 

n ,-- 

REMARK (i). The theorem remains true for the case q -- 1 and char(K) = 2 
(see [1], [7], and [8] for proofs) but our method fails in this case. The theorem is 

false for the case q >_ 2, q - -  pd, p a prime, char(K) = p: It is easy to see that for 

x , y  E A~ 

dim(x + y) > k + 1, 

d i m ( x + y ) = k +  1, 

x = y ;  

f 
O, 

( t A k - l , k  o Ak - l , k ) x , y  = 1, 

dim(x rl y) < k - 1, 

dim(x f7 y) = k - 1, 

x = y .  

Hence 

n k] 
Ak'k+l  ° tAk'k+l -- t A k - l ' k  o A k - l ' k  = ( [  l 
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where I t  is the [~] x [~] identity matrix. But 

[ n l k ] - [ ~ ] ' O ( m o d q ) .  

Therefore, if q = pd, char(K) = p then 

A k ,  k+l , tAk ,  k+l = t z k - l , k  , A k - l ,  k. 

Now take n to be any odd number (_> 3). Put k = (n - 1)/2. Obviously 

rankK( tA~-l'~ °Ak-~'k) <-- rankx(A k-l'k) -< = n - 3 • 
k - 1  ~ 

But A k'k+l is a square matrix. If it is regular, so is A k'k+l * t.4k'k+l. Thus A k'k+~ 
is not regular. 

So 

Put 

k+'-i] I 
- - k - i  ¢ 0  . 

If  char(K) =p (q =pa) then Y =  [i 0_< i <_ k] .  Therefore 

So our theorem does not hold in this case. 

REMAa~K (ii). If l + k > n then (n - k) + (n - l) < n. By passing to the dual 

space of F~q ") and replacing each U ~ Ai, q by its annihilator, one can easily see 

that 

rankK(A t,k) = rankx(A.-k..-t). 

(If q = 1 replace each x E Ai, t by its complement in 11 . . . . .  n] . )  

A modification of  [5, Th. 13.3] (if true) can be used to obtain a short proof of 

our theorem. Without the modification, however, this short proof applies only to 

the case 1 < k <_ n/2. We shall not pursue this point of view here. 
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The Symmetric Group S, acts as a permutation group on the set Ai, l. For 2 _< 

q the General Linear Group GLn (Vq) acts as a permutation group on the set Ai, q. 

If A is a finite set and K is a field, we define KA to be the K-vector-space of for- 

mal K-linear combinations of  elements of  A. A is a basis of  KA over K. 

If  a group G acts as a permutation group on the set A, then under the definition 

g. )-~,axX:= ~,,axgx ( g E G ,  a x E g )  
xEA xEA 

/CA is a module over the group-ring KG. In our argument G will be either S, (if 

q = 1) or GL,(Fq)  (if q >__ 2). 

For each i (0 < i <__ n) M i'q will be KAi.q (again, we shall suppress the q and 

write Mi) .  M i is a module over the group-ring KG. We shall always assume that 

l < k a n d l + k < . n .  

~pt'k:Mk---* M t will be the linear transformation whose matrix with respect to 

the bases Ak of  M k and At of  M t is A t'k. That is: 

(Vx E Ak) ,pZ'k(x) = ~ l .y .  
yEAI 
yC_x 

t,k = A t'k it follows ~/,k E homKG(Mk, MI) .  Since ¥g E G, A g y ,  g x y,x 

DEFINITION. 

(a) M ---t = @~=0 Mi. 
(b) ~_<t,k = @~=o ~i,k, ~<_t,k : M k ._, M<_z. 

It is obvious that the set U~=0 Ai is a basis for M st over K. The matrix of  ~st.k 

with respect to the bases Ak of  M k and U~=0 A; of  M -< is obtained by stacking the 

rows of  

AO, k , A I , k , A 2 , k , . . . , A  l,k 

as follows: 

A l , k  

AO, k. 

We shall call this matrix A ~t'k. 
In Frankl [1], the rank of  the matrix A t'k is determined by using the rank of  
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matrices of the type A <-9"h. We show in §3 how this is done. In §2 we compute 

rankr(A~t,k).  

§1. Background from the representation theory of the group Sn 
and the group GLn(Fq) over the field K 

In the case q = 1 (G = Sn) we shall have to assume at some point that 

char(K) ~: 2. In the case q ___ 2 (G = GLn(Fq)) we shall have to assume that 

char(K) :~ p where q = pd  (p a prime). Moreover, we have to assume also that K 

contains a primitive p-th root of unity. If K does not contain a primitive p-th root 

of unity, we can of course (if char(K) ~: p) extend K to a larger field. Obviously, 

extension of  the field does not change the rank of A t'k or A ~-t'k 

A symmetric linear form ( , ) is defined over M (  The definition of  ( , ) is 

carried out by stating that Ai is an orthonormal basis of M i. 

The module M i has a submodule S i (which is called Specht-Module). Below are 

known facts about si:  

(a) If i < n / 2  then d i m S / =  [~.] - [i-~l ]" (Actually, what we need is dimS i >_ 

[7] - [i-~1 ], which is easier to prove and appears implicitly in [5, Chapter 12].) 

See [4, Ex. 14.4] and [5, Th. 13.3]. 

(b) THE SUBMODULE THEOREM. I f  W is a submodule  o f  M i then either S i c_ W 

or Wc_ ( s i )  l ( ±  with respect to ( , )). 

See [4, 4.81 and [5, 11.12 (ii)]. 

(c) There is c~ E M;  and there is an idempotent r E K G  such that: 

(i) S i = SpanKc(r'ol), and 

(ii) if j < i <_ n / 2  then v~5 E M j r. 5 = 0. 

See [4, 4.5 & 4.6] and [5, 11.7 & 11.11]. 

REMARK. In [4|, James establishes the existence of an element s E K G  satisfy- 

ing s . s  = 2is rather than an idempotent. We assume, when q = 1, that char(K) ~: 

2 so we can define 

r : =  2-is. 

It is easily seen that r 2 = r. For q _> 2 (q = pd, p a prime), the construction of the 

idempotent r is possible if K contains a primitive p-th root of unity (which is pos- 

sible only if char(K) ~ p) .  

The cumbersome fact which follows is necessary only for the proof of Theorem 

1.2 below. 
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(d) (i) For i <_ n/2 define 

I ' : = [ x E A i .  1 Y j t ( l _ < j _ < i ) = ( j E x o r n - j + l E x ) ]  I, 

(¥x E F) S x = # { j  l < j < _ i ,  j q ~ x ] .  

Define/3 E M i' 1 by 

:= ~ ( -  1)SxX; 
xEF 

:= ~ (-l)Stu~U; 
UEF 

then/3 E S i. 

See [5, Ex. 11.17 (v)]. 

Using the above facts we shall now prove three theorems. 

1.1. THEOREM. I f  q = 1 assume char(K) :~ 2, and if  q >_ 2, q = pd ,  p prime, 

assume K contains a p-th primitive root o f  unity (so o f  course char(K) --/: p) .  As- 

sume also that i <_ n/2. Then there exists a basis B i o f  S i and for each f3 E B i there 

exists an idempotent r~ E KG s. t. 

(i) r~.~ = $; 

(ii) i f  j < i then, ¥5 E M j, r~. ~ = O. 

then/~ E S i. 

See [4, Def. 4.3]. 
(ii) Let q _> 2. Let e~ . . . . .  en be a basis of  F(q n) over Fq. Assume i < n/2. For 

e a c h j  (1 < j <  i) define 

*j := atet[at E Fq, a2j = 1, a2j-l E [0,1l, vt  < j ,  a2t = 0 . 

2j For v E *j,  v = ~/=l  atet, define 

f 1, a2j-1 = 1, 
S(V) 

l O, a2j-I = 0; 

F := {U E A,.o I (~v, E * , ,v2 E *2 . . . . .  v i e  * i ) U =  Spanrq(v, . . . . .  v,) I. 

If  U E I' and if U = Spanrq (vl . . . .  , v~) (vt E *t) then, for each t, vt is uniquely 

determined so we can define s (U)  = Y,~=I s(vt) .  

Now define fl E M i'q by 
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PROOF. Take  o~ E M i and r E K G  whose  existence is assured  by  Fact  (c) 

above.  Since S i = SpanrG(re t )  it follows tha t  S i = Spanr[grc~ g E G}.  Let  B i 

then be any  subset o f  {gra g E G] which is a basis o f  S i over  the field K. Take  

13 E B i. There  is g E G s.t. ~ = grot. Define ra := grg -1. ro E K G  is an idempotent  

(r~ = grg -1 .grg -1 = gr2g -1 = g r g - l ) .  

Also,  r~/3 = grg - l  .gra = gr2c~ = grct = ~. I f j  < i and 5 E M j then r~.t5 = 

(grg-~ )5 = g ( r ( g - ~  5)) = g.O = O. 

1.2. THEOREM. I f  i <_ k and  i + k <_ n then there exists ct E M* ,  13 E S ~ s.t .  

(~ ,~ i ' kc t )  = 1. 

PROOF. 2i = i + i _< i + k _< n. There fore  we can exploit  Fact  (d) above.  We 

shall examine the cases q = 1 and q _> 2 separately.  

(i) q -- 1. Take  c~ = 1.11,2,3 . . . . .  k l  E M k. Let/3 be the same/3  which appears  

in Fact  (d)(i). ~ is suppor ted  by 2 i elements o f  Ai. One o f  them is { 1,2 . . . . .  i I. For  

each element x of  Ai which suppor t s /3 ,  except {1,2 . . . . .  i}, there exists j ,  1 __ 

j _ _ _ i , s . t . n - j + l E x .  B u t i + k < n .  T h e r e f o r e j + k - - - n , k < n - j , k < n -  

j + 1. So x g {1,2 . . . . .  k ] .  Hence  o f  all 2; e lements  suppor t i ng /3 ,  only  one,  

namely [ 1,2 . . . . .  i }, is contained in { 1,2 . . . . .  k ] .  The coefficient o f  [ 1,2 . . . . .  i ] in 

/3 is 1 and therefore  (/3,~i'koL) = 1. 

(ii) q >_ 2. We follow the beginning o f  the p r o o f  of  Th.  13.3 in [5]. Let  el . . . . .  e, 

be a basis o f  F~ n) over  Fq. Take  o~ = 1-SpanFq(e2,ea,e6,... ,E2i,e2i+| ,~-2i+2 . . . . .  

ek+i) E M k. (This is possible if i _< k and i + k _< n.)  Let /3 be the same/3  which 

appears  in Fact  (d)(ii). Let  U be an / -d imens iona l  subspace o f  Spanvq(e2, e4 . . . . .  

e2i,e2i+l , . . . , e k + i ) .  I f  the suppor t  o f  U (with respect to the basis e l , . .  • ,en o f  

F(q ~)) contains  one o f  e2i+1, e2i+2, • • . ,  ek+i then obviously  U q~ P (the F defined in 

Fact  (d)(ii)). Therefore ,  if U E I ~ then the support  o f  U (with respect to el . . . . .  en) 

is conta ined in [ e2, e4, e6 . . . . .  e2i}. Since dim U = i it follows that  

U = Spanvq(e2, e4 . . . . .  e2 i ) .  

So the only element o f  F which is contained in Spanvq (e2, e4 . . . . .  e2i, e2i+1, • • . ,  el+k) 

is Spanrq(e2 . . . . .  e2i). The  coefficient  o f  Spanvq(e2 . . . . .  e2i) in/3 is 1. Therefore  

(~J,~i'kot) -~ 1. 

1.3. THEOREM. I f  i <_ k and i + k <_ n then 

S i c im~i, k. 
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PROOf. Theorem 1.2 shows that 

im~o i'k ~ (Si) J-. 

Therefore, according to the Submodule Theorem (Fact (b)), it follows that 

S i c im~o i,k. 

§2. Computation of rankr (A -<t'*) 

In this section we shall prove: 

2.1. THEOREM. Let 1 _< k, ! + k _< n. 

I f  q = 1 assume char(K) :# 2. 

I f  q > 2, q = pd, p prime, assume char(K) ~:p. 
Then rankK(A <-t'k) = In]. 

L " . I  

PROOF. 

rank(A<t, k) = dimim(~o<t,k). 

At first we shall find [~] linearly independent vectors in im(~<t'k).  For each i 

(0 _< i < l) let B i be the basis of  S i constructed in Theorem 1.1. (If char(K) ~ p  

we can extend K to contain a primitive p-th root of  unity.) For each/3 E B i 

choose e0 E M k s.t. ¢i'k(ea) =/3. (This is possible by Theorem 1.3.) 

Set 

. '  := l/3 B' I. 

Fix i (0 _< i _< 1). Let/3 E B i. 

I 
~-l,k(raEB) = @ ~J'k(ra~B) 

j=O 

i--I 1 

(~ ~J'k(rfJef~) (~ ~i'k(ro¢o) (~ (~  ~J'k(roE ~) 
j = 0  j = i + l  

i - I  l 

(~  0 @/3 G (~ ~J'*(r~ea). 
j = 0  j = i  + l 

(Explanation: ¢J'k(raee) = ra¢J'k(Ea). I f j  < i then, since ~j,k(ea) E M j, it fol- 

lows that ro.~oJ'k(e~) = O. ~d'e(raee) = ro~i'k(eo) = ra/3 =/3.) 
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¢~t,k(~) = , : i +  1 " 

/3 : i  " 

0 : i -  1 " 

0 : i  - 2 " 

CLAIM. 

0 : 0 " 

For  each 3' E H i 

( ' )  3 ' ~ S p a n r  ( H i \ I 3 ' I )  U U HJ • 
j= i+ l  

PROOF OF THE CLAIM. The i component  of  3' is some ~, ~8 E B i. B i is linearly 

independent  (being a basis of  Si).  The  i component  of  elements of  IOj=i+t ~ H j is 

zero. 

An obvious consequence f rom the claim is that  U~=0 H i is a linearly indepen- 

dent set. 

' '[:][ ][:] n '  = I " i l = Z l s i l = E  _ n = . 

i=o i=o i=o i=o i -  1 

It is obvious that  U I=o H ;  ___ im( ~o ---" e ). So we have dim im ( ~o * '  k ) _> [,~ ]. In other 

words,  r a n k r ( A  -<'k) _> [';]. It remains to prove 

It suffices to prove this inequality in the case c h a r ( K )  = 0. ( I f ,4  is a matr ix  over 

Z then,  for  each field K, r a n k r ( A )  _ r a n k o ( A ) . )  An easy calculation shows: If 

= [k - i ]  :~ 0 SO the i < l < k t h e n A i J o A  t'k [ k - i ]A i ' k  B u t i f c h a r ( K ) = 0 t h e n  t - i  
- -  I I - i J  " 

rows o f  the matr ix  A i,k are linear combinat ions  of  the rows o f  A ~'k. Therefore  

rank  A"k, rank ,A'k, [:] 
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§3. rankr(A t'*) 

In this section we shall determine rank~(A t'k) by using the result about the 

rank of matrices of the type A -<i'h. The argument follows [1] and is given here for 

the sake of completeness (there being no difference between the case q ___ 2 and the 

case q = 1 dealt with by [1]). 

3.1. THEOREM. Let  1 < k, 1 + k < n. I f  q = 1 assume char(K) ~ 2. I f  q >_ 2, 

q = pa,  p a prime,  assume char(K) --/: p. Pu t  

Then 

PROOF. Put 

Y =  i O < i < l ,  l - i  S O  . 

r a n k x ( A " k ) = i ~ r [ ~ ] - [ i n l ]  • 

/ Z =  i O < i < l ,  = 0  . 

The vector space spanned by the rows of the matrix A -~z'* has a basis with the 

property: for a l l / ( 0  _< i _< 1), [7] - [ i- ' l  ] of the elements of the basis are taken 

from the rows o f A  i'k. (This follows by induction on I using Theorem 2.1.) But if 

i _< l _< k then 

For each i E Y the rows of A i'k a r e  linear combinations of the rows of A I'k, s o  in 

the space spanned by the rows of At'* there are at least ~,i~r [~] - [i- ' l  ]linearly 

independent vectors. 

Therefore r a n k x ( Z  t'k) >- ~-JiEV[~] - [/-n 1]* 

NOW let E be the matrix obtained by stacking the rows of the matrices Aid, i E 

Z. Since for each i E Z, A id . A t'k = 0, it follows that E . A t'k = O. 

O = r a n k r ( O ) > - - r a n k x ( E ) + r a n k K ( A t ' k ) - - [ ~ ] .  

But the row space of A st't has basis with the property: for all i (0 < i < 1), [:] [o] - ~- l elements of the basis are taken from the rows of the matrix A i't. 
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Therefore 

Hence 

[:] ["]~, [:] 0 -> ~ - + ranklc(A I'k) - . 
i E Z  

rank/':(At'k)-< [ ~ ] - ~ z [ ; ] -  [ i - n l  ] = i ~ Y [ ~ ] -  [ i n l ] "  

§4. Affine subspaees 

Let Fq be a field with q elements. As before, let 

Ai, q = [ U < F ~  n) d i m U = i } .  

Put 

Let K be any field. A l'k is a 

matrix over K whose rows correspond to the elements of I't,q and whose columns 
correspond to the elements of rk, q. For x E rk, q, y E r~,q 

A~;fx = ( 1 ,  yC_x, 
0, otherwise. 

In a subsequent paper [9] the second author proves the following result: 
Assume char(K) ~ char(Fq). Let 

l<_k, l + k < _ n - 1 .  

Put 

Then 

/I [~/]  / Y =  i O<i<_l ,  l - i  ,=0 . 

rank~(A ~, : ~i~ (qn [:] 0n ~l[ ni, ]) 
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